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Devwudfw
Pljudwlrq udlvhv d srwhqwldo iuhh ulghu sureohp iru wkh surylvlrq
ri gxudeoh orfdo sxeolf jrrgv li wkh odwh0frphuv fdq hqmr| wkh sxeolf
jrrg zlwkrxw sd|lqj iru lw1 Doorzlqj frppxqlwlhv wr ￿qdqfh sxeolf
jrrgv e| ghew plwljdwhv wklv sureohp/ vlqfh ixwxuh lppljudqwv kdyh
wr vkduh wkh exughq ri wkh ghew1 Krzhyhu/ lq htxloleulxp wkhuh zloo
eh ryhu0dffxpxodwlrq ri orfdo ghew1 Wkhuh pd| eh pruh ru ohvv sxeolf
jrrg wkdq lq ￿uvw ehvw/ exw frqglwlrqdo rq wkh lqh!flhqwo| kljk ohyho
ri ghew wkhuh zloo eh wrr ihz sxeolf jrrgv1 D frpshwlwlyh pdunhw iru
odqg uhgxfhv exw grhv qrw lq jhqhudo holplqdwh wkh lqh!flhqflhv1
￿ Nh|zrugv= Pljudwlrq/ Orfdo Sxeolf Jrrgv/ Sxeolf Ghew1
￿ MHO= K74/ K:4/ K:7
￿Fruuhvsrqglqj dxwkru= Fkulvwldq Vfkxow}/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri
Frshqkdjhq/ Vwxglhvwudhgh 9/ GN 4788 Frshqkdjhq N/ Ghqpdun1 h0pdlo= Fkulv0
wldq1Vfkxow}Chfrq1nx1gn1
|Xqlyhuvlw| ri Frshqkdjhq/ FLH/ FHV0lir dqg HSUX
}Shqq Vwdwh Xqlyhuvlw|
44 Lqwurgxfwlrq
Wklv sdshu dqdo|}hv wkh lqwhusod| ehwzhhq orfdo sxeolf jrrgv surylvlrq/ ghew/
dqg pljudwlrq lq d wzr0frppxqlw| prgho1 E| lqfuhdvlqj lwv surgxfwlrq ri
orfdo sxeolf jrrgv/ d glvwulfw zloo dwwudfw qhz lppljudqwv dqg wkhuhe| h{shul0
hqfh pruh frqjhvwlrq1 Wklv iuhh ulglqj sureohp fdxvhv wkh glvwulfw wr xqghu0
vxsso| wkh orfdo sxeolf jrrg1 Krzhyhu/ li wkh orfdo sxeolf jrrg lv qdqfhg e|
orfdo sxeolf ghew/ wkhq ixwxuh lppljudqwv pxvw sd| iru wkh sxeolf jrrg e|
vkdulqj wkh ghew exughq1 Wklv plwljdwhv wkh iuhh ulglqj sureohp dqg pdnhv
wkh fxuuhqw uhvlghqwv pruh zloolqj wr surylgh gxudeoh sxeolf jrrgv1 Rq wkh
rwkhu kdqg/ vlqfh dffxpxodwlrq ri ghew pdnhv wkh glvwulfw ohvv dwwudfwlyh iru
lppljudqwv dqg pd| hyhq fdxvh hpljudwlrq/ lw lpsrvhv d qhjdwlyh h{whuqdolw|
rq wkh rwkhu glvwulfw +lqfuhdvhg frqjhvwlrq,1 Ehfdxvh ri wklv h{whuqdolw|/ ghew
zloo eh ryhu0xvhg lq htxloleulxp1
Wkh olqn ehwzhhq orfdo sxeolf jrrgv/ orfdo sxeolf ghew dqg pljudwlrq lv
looxvwudwhg e| wkh h{shulhqfh ri wkh Idurh Lvodqgv/ d glvwulfw lq Ghqpdun
zlwk d odujh dprxqw ri dxwrqrp|1 Flwl}hqv ri wkh Idurh Lvodqgv duh iuhh wr
pryh zlwklq Ghqpdun1 Wkurxjkrxw wkh odwh hljkwlhv pdq| sxeolf jrrgv zhuh
exlow lq wkh Idurh Lvodqgv= vfkrrov/ krvslwdov/ urdgv/ wxqqhov/ doo qdqfhg
e| orfdo sxeolf ghew1 Dv wkh vklqj lqgxvwu| vxhuhg iurp wkh hhfwv ri
ryhuvklqj lq wkh hduo| qlqhwlhv uhsd|lqj wkh ghew ehfdph yhu| fxpehuvrph/
dqg durxqg 48 shufhqw ri wkh srsxodwlrq hpljudwhg lq wkh shulrg 4<;<0<7 +vhh
Ghw Uddgjlyhqgh Xgydhoj Yhgurhuhqgh Idhurhuqh/ 4<<9/ 4<<;,1 Wkh glvwulfwv
lq rxu prgho vkrxog eh wkrxjkw ri dv vxe0qdwlrqdo frppxqlwlhv vxfk dv wkh
Idurh Lvodqgv/ ru vwdwhv lq d ihghudwlrq zkhuh pljudwlrq lv idluo| hdv|1 Wkh
prgho pd| dovr ehfrph pruh lpsruwdqw iurp d Hxurshdq shuvshfwlyh li wkh
frplqj xqlfdwlrq ri Hxursh ohdgv wr pruh pljudwlrq wkdq klwkhuwr vhhq1
Duhdv zlwk dexqgdqw orfdo jrrgv surylvlrq ru zhoo hvwdeolvkhg zhoiduh vwdwhv
5pd| wkhq vhh d odujh lq rz ri lppljudqwv iurp rwkhu sduwv ri Hxursh/ zkloh
duhdv zlwk odujh dprxqwv ri orfdo sxeolf ghew zloo vhh dq rxw rz1
Lq rxu prgho wkhuh duh wzr v|pphwulf glvwulfwv/ dqg wzr shulrgv1 Lq wkh
uvw shulrg/ wkh uhsuhvhqwdwlyh lqkdelwdqw ri hdfk glvwulfw vhwv wkh ohyhov ri
orfdo sxeolf jrrg dqg orfdo sxeolf ghew lq rughu wr pd{lpl}h klv rzq olih wlph
xwlolw|1 Wkxv/ wkh vwudwhj|0vsdfhv duh wzr0glphqvlrqdo1 Wkh sxeolf jrrg lv
zlwk frqjhvwlrq dqg fdq eh hqmr|hg lq erwk shulrgv1 Ehwzhhq wkh wzr shulrgv/
flwl}hqv ri wkh wzr glvwulfwv fdq iuhho| dqg zlwkrxw frvw pryh ehwzhhq wkh
glvwulfwv14 Wkh vhfrqg shulrg srsxodwlrq ri d glvwulfw hqmr|v wkh sxeolf jrrg
ri wkh glvwulfw exw kdv wr uhsd| zkdwhyhu ghew wkh glvwulfw lqfxuuhg lq wkh uvw
shulrg1 Flwl}hqv zkr pryh ehfrph uhvsrqvleoh iru wkhlu vkduh ri wkh ghew lq
wkh qhz glvwulfw/ exw kdyh qr uhvsrqvlelolwlhv lq wkh glvwulfw wkh| ohiw1 Zkhq
wkh shulrg rqh srolf| ri d glvwulfw lv fkrvhq/ wkh uhsuhvhqwdwlyh flwl}hq wdnhv
lqwr dffrxqw wkh idfw wkdw erwk kh dqg rwkhu shrsoh pd| pljudwh1
Li lq htxloleulxp erwk glvwulfwv ghvluh pruh lppljudqwv/ wkhq li rqh pruh
shuvrq dfflghqwdoo| zhuh wr pryh iurp glvwulfw @ wr glvwulfw K/ glvwulfw K zrxog
ehfrph pruh dwwudfwlyh wkdq glvwulfw @ Wklv zrxog lqgxfh pruh pljudwlrq
wr glvwulfw Kc vr vxfk dq htxloleulxp zrxog qrw eh vwdeoh1 Zh irfxv rq vwdeoh
4Vlqfh pljudwlrq rqo| wdnhv sodfh ehwzhhq wkh shulrgv/ d shulrg 4 wd{ fxw lq d glvwulfw lv
hqmr|hg rqo| e| wkh fxuuhqw lqkdelwdqwv/ zkloh d kljkhu ghew exughq uhgxfhv lppljudwlrq
lq wkh qh{w shulrg1 Rxu uhvxowv zrxog qrw fkdqjh li zh doorzhg pljudwlrq ehiruh srolf|
ghflvlrqv duh pdgh lq shulrg 4/ dv orqj dv djhqwv duh qrw doorzhg wr pljudwh djdlq xqwlo
shulrg 4 lv ryhu1 Rxu uhvxowv zrxog fkdqjh/ krzhyhu/ li djhqwv zhuh doorzhg wr vzlwfk
glvwulfwv lqvwdqwdqhrxvo| dv d uhvsrqvh wr shulrg 4 srolf| ghflvlrqv1 Lq wklv fdvh wkhuh
zrxog eh qr vwudwhjlf ehqh￿w ri xvlqj ghew lqvwhdg ri wd{hv wr ￿qdqfh wkh sxeolf jrrg/
vlqfh d wd{0fxw wrgd| zrxog fdxvh lqvwdqwdqhrxv lppljudwlrq1 Exw vxfk d iulfwlrqohvv
vfhqdulr zrxog eh xquhdolvwlf1 Ghflvlrqv wr pljudwh qhhg wr eh sodqqhg dkhdg ri wlph/ vr
wkdw srwhqwldo pljudqwv duh wr vrph h{whqw orfnhg lqwr wkhlu fxuuhqw glvwulfw1
6udwlrqdo h{shfwdwlrqv htxloleuld15 Lq d vwdeoh htxloleulxp wkhuh pxvw eh dw
ohdvw rqh glvwulfw zklfk rq wkh pdujlq glvolnhv lppljudwlrq1 Lq d v|pphwulf
htxloleulxp wklv zloo eh wuxh iru erwk glvwulfwv1 D glvwulfw zklfk glvolnhv
lppljudwlrq wulhv wr uhgxfh lppljudwlrq e| xqghu0surylglqj wkh sxeolf jrrg
dqg ryhu0dffxpxodwlqj ghew +zh dvvxph lw lv qrw ihdvleoh wr uhvwulfw pljudwlrq
gluhfwo| e| txrwdv dqg vr rq,1 Wkh dffxpxodwlrq ri ghew lpsolhv wkdw uvw
shulrg flwl}hqv kdyh h{wud prqh| wr vshqg lq wkh uvw shulrg/ dqg vrph
ri wklv prqh| zloo vxuho| eh vshqw rq wkh sxeolf jrrg1 Lq dgglwlrq/ ihzhu
lppljudqwv duh dwwudfwhg li wkh| kdyh wr vkduh wkh exughq ri wkh ghew1 Iru
wkhvh wzr uhdvrqv/ orfdo ghew vwlpxodwhv wkh surgxfwlrq ri wkh orfdo sxeolf
jrrg1 Lq idfw/ wkh whqghqflhv wr ryhu0xvh rqh lqvwuxphqw +ghew, dqg xqghu0
xvh wkh rwkhu +sxeolf jrrgv, zloo frxqwhu edodqfh hdfk rwkhu/ dqg zh fdqqrw
suhglfw krz wkh qdo rxwfrph zloo frpsduh wr wkh uvw ehvw1 Zh jlyh dq
h{dpsoh zkhuh wkh htxloleulxp ohyho ri sxeolf jrrgv htxdov wkh uvw ehvw
ohyho1 Krzhyhu/ frqglwlrqdo rq wkh ohyho ri ghew wkhuh zloo eh wrr ihz sxeolf
jrrgv1 Frqyhuvho|/ frqglwlrqdo rq wkh ohyho ri sxeolf jrrgv/ wkhuh lv wrr pxfk
ghew1 Wkxv/ wkh htxloleulxp lv lqh!flhqw1 Wkh h{fhvvlyh eruurzlqj vxjjhvwv
wkdw d ihghudo jryhuqphqw vkrxog lqwurgxfh ghew olplwv1 Lq idfw/ iru pruh
wkdq 433 |hduv/ wkh ghew ri orfdo mxulvglfwlrqv lq wkh Xqlwhg Vwdwhv kdv ehhq
uhvwulfwhg e| wkh vwdwh jryhuqphqwv +vhh Hssoh dqg Vsdww/ 4<;:,1 Krzhyhu/
lq rxu prgho wkhuh duh wrr ihz sxeolf jrrgv lq htxloleulxp/ dqg d ghew olplw
zloo lq jhqhudo fdxvh wkh glvwulfw wr surylgh hyhq ihzhu sxeolf jrrgv1 Wklv
5Lw grhv qrw vhhp srvvleoh wr suryh wkh jhqhudo h{lvwhqfh ri htxloleulxp lq rxu prgho/
dowkrxjk lq wkh h{dpsohv zh kdyh orrnhg dw/ dq htxloleulxp dozd|v h{lvwv1 Vlqfh lppljud0
wlrq kdv frq lfwlqj h￿hfwv +lw lqfuhdvhv frqjhvwlrq exw uhgxfhv wkh shu fdslwd ghew ohyho,/
zh fdqqrw lq jhqhudo vd| zkhwkhu lppljudwlrq zloo eh jrrg ru edg iru wkh fxuuhqw lqkdel0
wdqwv1 Dv vxjjhvwhg e| Nrqlvkl/ Oh0Euhwrq dqg Zhehu +4<<:,/ vxfk qrq0prqrwrqlflw| pd|
fdxvh h{lvwhqfh idloxuh1
7qhjdwlyh hhfw frxqwhuv wkh srvlwlyh gluhfw hhfw rq zhoiduh iurp d ghew olplw1
D ghew olplw lv Sduhwr lpsurylqj li wkh idoo lq wkh ohyho ri sxeolf jrrgv lv qrw
wrr elj1 Pruh suhflvho|/ li d groodu uhgxfwlrq lq ghew fdxvhv wkh glvwulfw wr
fxw sxeolf jrrgv surylvlrq e| ohvv wkdq d groodu/ wkhq d ghew olplw lv Sduhwr
lpsurylqj1
Wkh idfw wkdw orfdo sxeolf ghew pd| eh ryhu0dffxpxodwhg li wkh exughq
ri wkh ghew fdq eh vkliwhg rqwr ixwxuh jhqhudwlrqv zdv glvfxvvhg e| Gdo|
+4<9<,/ Rdwhv +4<:5, dqg Euxfh +4<<8, +dowkrxjk wkh| glg qrw glvfxvv wkh
surylvlrq ri sxeolf jrrgv,1 Gdo| dqg Rdwhv dujxhg wkdw lq idfw wkh exughq ri
wkh ghew fdqqrw eh vkliwhg/ vlqfh wkh ghew zloo eh uh hfwhg lq uhgxfhg orfdo
surshuw| ydoxhv1 Lq Vhfwlrq 9 zh dgguhvv wklv lpsruwdqw lvvxh e| lqwurgxflqj
odqg lqwr wkh prgho1 Lq jhqhudo htxloleulxp wkh odqg sulfh lv ghwhuplqhg e|
wkh pdujlqdo xwlolw| iurp odqg1 Wd{hv pd| eh ohylhg rq lqfrph ru rq odqg1 Li
vrph uhyhqxh lv udlvhg wkurxjk lqfrph wd{hv/ wkhq wkh fdslwdol}dwlrq ri wkh
ghew exughq lq odqg sulfhv lv qrw frpsohwh1 Txdolwdwlyho|/ wkh prgho wkhq
ehkdyhv lq wkh vdph zd| dv wkh prgho zlwkrxw odqg1 Zh fdqqrw hyhq vd|
wkdw wkh lqh!flhqflhv duh orzhu zlwk odqg/ dowkrxjk lq d vshflf h{dpsoh/
odqg plwljdwhv wkh iuhh ulglqj sureohp1 Li doo wd{dwlrq lv rq odqg/ wkhq wkh
ghew ohyho zloo eh ixoo| fdslwdol}hg lq odqg sulfhv/ dqg lvvxlqj ghew grhv qrw
uhgxfh lppljudwlrq1 Ehfdxvh ri wklv hhfw/ lw vhhpv sodxvleoh wkdw wd{lqj
odqg lqvwhdg ri lqfrph zloo orzhu wkh sxeolf jrrgv surylvlrq1 Zh zloo jlyh dq
h{dpsoh zkhuh wklv lv wuxh1 Lq dq| fdvh/ zh dujxh wkdw wkh phwkrg ri wd{dwlrq
ghwhuplqhv zkhwkhu ru qrw ghew lv fdslwdol}hg lq odqg sulfhv1 Lq frqwudvw/
sxeolf jrrgv duh qhyhu fdslwdol}hg lq odqg sulfhv iru dq| wd{0v|vwhp vlqfh lq
rxu prgho wkh ohyho ri sxeolf jrrgv grhv qrw fkdqjh wkh pdujlqdo xwlolw| ri
odqg1 Wkxv/ d kljk ohyho ri sxeolf jrrgv dozd|v dwwudfwv lppljudwlrq/ wkh
iuhh0ulghu hhfw shuvlvwv/ dqg wkhuh zloo eh xqghu0surylvlrq ri sxeolf jrrgv lq
8htxloleulxp1
Hssoh dqg Vsdww +4<;:, dqdo|}h d prgho zkhuh ghidxowv lpsrvh d qhjd0
wlyh h{whuqdolw| dfurvv glvwulfwv= li rqh glvwulfw ghidxowv wkh fuhglw udwlqj ri
doo glvwulfwv lv orzhuhg1 Wr suhyhqw ghidxowv/ d ihghudo jryhuqphqw pd| zdqw
wr uhvwulfw orfdo eruurzlqj1 Lq rxu prgho wkh srvvlelolw| ri ghidxow lv qrw wkh
sureohp1 Lqvwhdg lw lv pljudwlrq dfurvv glvwulfwv zklfk ohdgv wr wkh zurqj
pdujlqdo lqfhqwlyhv wr dffxpxodwh ghew dqg surgxfh sxeolf jrrgv1 Wkhuh lv d
odujh olwhudwxuh rq pljudwlrq ghflvlrqv dqg orfdo sxeolf jrrgv zkhq djhqwv gli0
ihu lq wkhlu zloolqjqhvv wr sd| iru sxeolf jrrgv +Wlherxw/ 4<89/ Dwnlqvrq dqg
Vwljolw}/ 4<;3/ Hssoh hw do/ 4<;7/ Hssoh dqg Urphu/ 4<<4,/ exw wklv olwhudwxuh
grhv qrw glvfxvv ghew yhuvxv wd{ qdqflqj1 Exfryhwvn| dqg Zlovrq +4<<4,
kdyh d prgho zlwk wzr0glphqvlrqdo vwudwhj| vsdfh= glhuhqw mxulvglfwlrqv fdq
wd{ preloh fdslwdo dqg qrq0preloh oderu1 Wkhuh lv qr ghew1 Li fdslwdo0lqfrph
lv wd{hg zlwk d vrxufh0edvhg wd{ udwkhu wkdq d uhvlghqfh0edvhg wd{/ fdslwdo
 hhv wd{dwlrq1 Wklv lqwurgxfhv d glvwruwlrq/ dqg mxulvglfwlrqv xqghu surylgh
sxeolf jrrgv dqg xvh lqh!flhqwo| orz udwhv ri fdslwdo0lqfrph wd{ uhodwlyh wr
wkh +qrq0glvwruwlrqdu|, zdjh0lqfrph wd{1 Li fdslwdo0lqfrph lv vxemhfw wr d
uhvlghqfh0edvhg wd{/ wkh glvwruwlrqv glvdsshdu1 Mhqvhq dqg Wrpd +4<<4, frq0
vlghu d wzr0shulrg/ wzr0glvwulfw prgho zlwk d qrq0gxudeoh orfdo sxeolf jrrg1
Orfdo ghew pd| eh lvvxhg/ exw lw sod|v d glhuhqw uroh wkdq lq rxu prgho1
Fdslwdo lv shuihfwo| preloh lq erwk shulrgv/ zklfk ohdgv wr wd{ frpshwlwlrq
+krxvhkrogv qhyhu pryh,1 D kljk orfdo ghew ohyho lv d frpplwphqw wr vhwwlqj
kljk wd{hv wrpruurz1 Li wd{hv lq wkh wzr glvwulfwv duh vwudwhjlf frpsohphqwv/
wkhq ghew zloo eh lvvxhg lq rughu wr uhgxfh wkh wd{ frpshwlwlrq sureohp1
Wkh orfdo sxeolf jrrg lv xqghu0surylghg lq shulrg wzr/ exw qrw qhfhvvdulo|
lq shulrg rqh1 Li lqvwhdg wd{hv duh vwudwhjlf vxevwlwxwhv/ hdfk glvwulfw zloo
dffxpxodwh d vxusoxv lq shulrg rqh1 Wkh orfdo sxeolf jrrg lv xqghu0surylghg
9lq shulrg rqh/ exw qrw qhfhvvdulo| lq shulrg wzr1
Vfkxow} dqg Vmùvwuùp +4<<:, lqyhvwljdwh wkh rxwfrphv ri orfdo hohfwlrqv lq
d prgho zkhuh pd|ruv ghflgh rq ghew ohyhov/ pljudwlrq fdq wdnh sodfh/ exw
wkhuh lv qr sxeolf jrrg1 Yrwhuv zloo yrwh iru d pd|ru zlwk d orz glvfrxqw idfwru
zkr zloo eruurz d orw/ ehfdxvh wklv zloo lqgxfh rwkhu glvwulfwv wr ghfuhdvh wkhlu
ghew ohyho +ghew lv d vwudwhjlf vxevwlwxwh,1 Wkhuhiruh/ wkh ghew ohyhov zloo eh
kljkhu wkdq wkh| zrxog eh li wkh yrwhuv frxog yrwh gluhfwo| rq wkh vl}h ri wkh
orfdo ghew +dv lq Vzlw}huodqg,1
5W k h p r g h o
Wkhuh duh wzr shulrgv dqg wzr glvwulfwv/ @ dqg Kc hdfk zlwk d frqwlqxxp
ri flwl}hqv qrupdol}hg wr vl}h rqh1 Doo djhqwv duh lghqwlfdo1 Hdfk djhqw
kdv dq hqgrzphqw ri wkh sulydwh jrrg +lqfrph, lq hdfk shulrg zklfk zh
qrupdol}h wr  Wkh xwlolw| ixqfwlrq lv ESc+cr/z k h u hSfdqg +  f
ghqrwh frqvxpswlrq ri sulydwh dqg sxeolf jrrgv/ uhvshfwlyho|/ dqg r 5 dfc2o
lv wkh qxpehu ri lqkdelwdqwv lq wkh glvwulfw +uh hfwlqj wkh frqjhvwlrq hhfwv,1
Iru vlpsolflw| zh dvvxph wkhuh lv qr glvfrxqwlqj ri ixwxuh xwlolw|/ vr olihwlph
xwlolw| lv wkh vxp ri wkh xwlolwlhv lq wkh wzr shulrgv1 +Glvfrxqwlqj zrxog qrw
fkdqjh rxu uhvxowv,1 Zh pdnh wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq D1 ESc+cr'4 li S 'fru + 'fru r '2 (dqg
ESc+cr : 4 rwkhuzlvh1
Wkxv/ li wkh sulydwh ru sxeolf frqvxpswlrq ohyho idoov wr }hur/ ru wkh srs0
xodwlrq vl}h uhdfkhv wzr/ wkhq wkh glvwulfw ehfrphv d yhu| xqghvludeoh sodfh
wr olyh lq1 Iru S:f c+:fdqg r	2 cwkh xwlolw| ixqfwlrq ESc+cr lv glhu0
hqwldeoh dqg frqfdyh/ zlwk S : fc +:f cdqg r 	 f +zkhuh Sc +dqg r
ghqrwh sduwldo ghulydwlyhv zlwk uhvshfw wr wkh wkuhh dujxphqwv,1
:Lq wkh uvw shulrg/ hdfk glvwulfw ghflghv krz pxfk orfdo sxeolf jrrg wr
surgxfh1 Wklv jrrg odvwv iru wzr shulrgv1 Hdfk xqlw ri wkh sxeolf jrrg frvwv
rqh xqlw ri wkh sulydwh jrrg1 Lw lv qrw srvvleoh wr surgxfh pruh sxeolf jrrgv
lq wkh vhfrqg shulrg1 D glvwulfw fdq qdqfh wkh surgxfwlrq ri wkh sxeolf
jrrg hlwkhu e| wd{hv ru e| ghew1 Zh dvvxph wkdw wkhuh lv d fdslwdo pdunhw
h{whuqdo wr wkh hfrqrp| zkhuh d glvwulfw fdq eruurz dw }hur lqwhuhvw udwh1
Diwhu shulrg rqh/ wkh djhqwv fdq pryh frvwohvvo| ehwzhhq glvwulfwv1 Dw wkh
wlph ri pljudwlrq/ hdfk djhqw nqrzv wkh ghew dqg sxeolf jrrgv ohyhov lq erwk
glvwulfwv1 Wkh qxpehu ri flwl}hqv olylqj lq glvwulfw @ lq shulrg wzr lv ghqrwhg
?/z k h u hf?2 Lq glvwulfw K wkh srsxodwlrq vl}h lv 2  ? Wkh orfdo
ghew lq d glvwulfw kdv wr eh uhsdlg lq wkh vhfrqg shulrg e| wkh vhfrqg shulrg
flwl}hqv ri wkh glvwulfw/ vxemhfw wr wkh frqvwudlqw wkdw wkh frqvxpswlrq ri wkh
sulydwh jrrg fdqqrw eh qhjdwlyh +olplwhg oldelolw|,1 Vxssrvh glvwulfw @ ghflghv
wr surgxfh wkh dprxqw +@  f ri wkh sxeolf jrrg dqg wr eruurz _@  f1W k h
uvw shulrg shu fdslwd frqvxpswlrq ri sulydwh dqg sxeolf jrrgv lq glvwulfw @
zloo eh   +@ n _@ dqg +@/ uhvshfwlyho| +uhfdoo wkdw hdfk lqglylgxdo kdv dq
lqfrph ri 4 lq hdfk shulrg,1 Qrq0qhjdwlylw| uhtxluhv f  +@  n_ @Lq
shulrg wzr/ wkh sxeolf jrrgv ohyho lq glvwulfw @ l vw k hv d p hd vl qs h u l r gr q h /
+ @1 W k hs h uf d s l w dg h e wl v_ @ *?1 Shu fdslwd frqvxpswlrq ri sulydwh jrrgv
lq glvwulfw @ lq shulrg wzr lv   _@*? li ?:_ @cdqg }hur li ?  _@1P r u h
frqflvho|/ frqvxpswlrq lv 4@ ifc  _@
? j6 Wkh fdvh zkhuh wkh orfdo ghew _@
h{fhhgv wkh glvwulfw*v wrwdo lqfrph/ ?/ pd| eh frqvlghuhg d fdvh ri ghidxow1
Wklv sdshu zloo vwxg| wkh pdujlqdo lqfhqwlyhv ri lqkdelwdqwv ri orfdo glv0
wulfwv wr exlog sxeolf jrrgv dqg lqfxu ghew/ exw lw zloo qrw frqwulexwh wr
wkh olwhudwxuh dqdo|}lqj wkh lqfhqwlyhv wr ghidxow rq orfdo ghew +dv lq Hssoh
6Li gd @3wkhq shu fdslwd ghew lv }hur/ dqg sulydwh frqvxpswlrq lq shulrg 5 lv 4
uhjdugohvv ri q=
;dqg Vsdww/ 4<;:,1 Dvvxpswlrq D lpsolhv wkdw li glvwulfw K lv qrw h{shfwhg
wr ghidxow/ wkhq glvwulfw @ grhv qrw zdqw wr ghidxow hlwkhu1 Wkh uhdvrq lv
wkdw li glvwulfw @ ghidxowv/ wkh vhfrqg shulrg lqkdelwdqwv ri glvwulfw @ jhw }hur
sulydwh frqvxpswlrq dqg xwlolw| 4 Xqghu vxfk frqglwlrqv/ qrerg| zdqwv
wr olyh lq glvwulfw @c dqg hpljudwlrq wr glvwulfw K zloo wdnh sodfh xqwlo xwlolw|
lq glvwulfw K lv dovr 4c zklfk kdsshqv zkhq wkh vhfrqg shulrg srsxodwlrq
uhdfkhv 51 Khqfh/ ghidxow grhv qrw sd|1 Vlqfh wkh glvwulfwv duh v|pphwulf/
qhlwkhu glvwulfw zdqwv wr ghidxow li lw wklqnv wkh rwkhu glvwulfw zloo qrw ghidxow1
Krzhyhu/ wkhuh lv d frruglqdwlrq sureohp= Dvvxpswlrq D grhv qrw uxoh rxw
wkh srvvlelolw| wkdw erwk glvwulfwv ghidxow vlpxowdqhrxvo|1 Vxssrvh glvwulfw
@ h{shfwv glvwulfw K w re r u u r zd qd p r x q ww k d wl wf d qq h y h us r v v l e o |u h s d | 1
Wkhq glvwulfw @ zloo uhdol}h wkdw e| qrw ghidxowlqj/ glvwulfw @ zloo dwwudfw doo
ri glvwulfw K*v lqkdelwdqwv lq shulrg 5/ dqg vr kdyh d srsxodwlrq ri 5 dqg d
xwlolw| ri 41 Lq wklv fdvh glvwulfw @ pljkw mxvw dv zhoo ghidxow/ dqg wkh
vdph lv wuxh iru glvwulfw K1 Wkdw lv d frruglqdwlrq sureohp zklfk zh vkdoo
qrw dgguhvv lq wklv sdshu1 Zh vkdoo qrw frqvlghu edg htxloleuld zlwk xwlolw|
htxdo wr 4 lq erwk glvwulfwv/ exw lqvwhdg zh irfxv rq htxloleuld zkhuh wkh
xwlolw| lq hdfk glvwulfw lv qlwh1 Ri frxuvh/ wkh edg htxloleulxp zlwk ghidxow
zrxog lq dq| fdvh eh lpsrvvleoh li ohqghuv kdyh udwlrqdo h{shfwdwlrqv/ vlqfh
udwlrqdo ohqghuv zloo uhvwulfw wkh dprxqw ri eruurzlqj wr hqvxuh uhsd|phqw71
Zh hqg wklv vhfwlrq e| frqvlghulqj wkh v|pphwulf uvw ehvw vroxwlrq/
dvvxplqj htxdo Sduhwr0zhljkwv wr doo lqglylgxdov1 Dv orqj dv  lv frqfdyh/
7Lq d suhylrxv yhuvlrq ri wklv sdshu zh h{solflwo| prghoohg wkh ehkdylru ri wkh ohqghuv/
dqg vkrzhg wkdw wklv holplqdwhg wkh srvvlelolw| ri ghidxow lq htxloleulxp1 D pruh uhgxfhg0
irup vroxwlrq wr wkh sureohp ri ghidxow zrxog eh wr dvvxph d ghew olplw ri 4 ￿ % shu
glvwulfw/ zkhuh %A3lv vrph duelwudulo| vpdoo qxpehu1 Wkh wrwdo lqfrph lq wkh zkroh
hfrqrp| lv 5> vr li wrwdo eruurzlqj grhv qrw h{fhhg 5+4 ￿ %, wkhq lw lv lpsrvvleoh iru erwk
glvwulfwv wr ghidxow vlpxowdqhrxvo|1
<wkh uvw ehvw lqyroyhv ? ' cdqg E+￿c_ ￿iru  5i @cKj lv fkrvhq wr pd{lpl}h
E  +￿ n _￿c+ ￿c n E  _￿c+ ￿c +4,
Wklv lpsolhv _￿ ' +￿*2 +shuihfw frqvxpswlrq vprrwklqj,1 Vxevwlwxwlqj _￿ '












Zh frqvlghu d qrq0frrshudwlyh jdph zkhuh wkh wzr sod|huv duh d uhsuhvhqwd0
wlyh shulrg rqh flwl}hq ri glvwulfw @c dqg d uhsuhvhqwdwlyh shulrg rqh flwl}hq
ri glvwulfw K1 Zh uhihu wr wkhvh wzr sod|huv dv glvwulfw @+ r us o d | h u@ ,d q g
glvwulfw K+ r us o d | h uK ,1 Wkh remhfwlyh ri sod|hu  5i @cKj lv wr fkrrvh uvw
shulrg ghew dqg sxeolf jrrgv ohyhov/ E_￿c+ ￿cvr dv wr pd{lpl}h klv rzq h{0
shfwhg olihwlph xwlolw|1 Lw lv dvvxphg wkdw _￿ dqg +￿ duh dozd|v qrq0qhjdwlyh1
Iroorzlqj dq| uvw shulrg klvwru| E_@c+ @c_ Kc+ K/ hdfk ri wkh lqqlwho|
pdq| djhqwv zloo pdnh d pljudwlrq ghflvlrq zklfk pd{lpl}hv klv xwlolw|1
Wkhuhiruh/ wkh vhfrqg shulrg srsxodwlrq ohyho ? ri glvwulfw @ zloo eh d ixqfwlrq
ri wkh klvwru|/ ? ' ?E_@c+ @c_ Kc+ Kcfdoohg d pljudwlrq ixqfwlrq1W k l vixqfwlrq
zloo eh ghqrwhg ?E1O h w














ghqrwh wkh lqfuhdvhg sd|r iurp olylqj lq glvwulfw @ udwkhu wkdq K lq shulrg
wzr/ zkhq ghew dqg sxeolf jrrgv ohyhov duh E_@c+ @c_ Kc+ Kdqg wkh srsxodwlrq
ohyho lq glvwulfw @ lv ? Zh zloo vd| wkdw pljudwlrq ghflvlrqv duh udwlrqdo li
dqg rqo| li +5, dqg +6, duh erwk vdwlvhg/ iru doo E_@c+ @c_ Kc+ K=
KE?E_@c+ @c_ Kc+ Km_ @c+ @c_ Kc+ K:f , ?E_ @c+ @c_ Kc+ K'2 +5,
43KE?E_@c+ @c_ Kc+ Km_ @c+ @c_ Kc+ K	f , ?E_ @c+ @c_ Kc+ K'f +6,
Khuh +5, vwdwhv wkdw li olylqj lq glvwulfw @ lv vwulfwo| pruh ghvludeoh/ wkhq doo
djhqwv olyh lq glvwulfw @c dqg +6, vwdwhv wkdw li olylqj lq glvwulfw K lv vwulfwo|
pruh ghvludeoh/ wkhq doo djhqwv olyh lq glvwulfw K1 Qrwlfh wkdw/ dv xwlolw| lv
lqwhuwhpsrudoo| vhsdudeoh dqg wkhuh duh qr frvwv ri prylqj/ doo djhqwv duh
lq d v|pphwulf srvlwlrq diwhu wkh uvw shulrg dqg wkh ghflvlrq ri zkhuh wr
orfdwh lq wkh vhfrqg shulrg lv qrw lq xhqfhg e| zkhuh wkh djhqw olyhg lq wkh
uvw shulrg1




Kc?E vxfk wkdw pljudwlrq
ghflvlrqv duh udwlrqdo/ dqg hdfk sod|hu *v uvw shulrg fkrlfh E_W
￿c+ W
￿ pd{l0
pl}hv wkh h{shfwhg olih wlph xwlolw| ri sod|hu / jlyhq wkh uvw shulrg fkrlfh
ri wkh rwkhu glvwulfw dqg pljudwlrq ixqfwlrq ?E1 Q r w hw k d wz hd v v x p hu d 0
wlrqdo h{shfwdwlrqv= +4, lq htxloleulxp/ hdfk sod|hu  5i @cKj fdq fruuhfwo|
suhglfw wkh rwkhu sod|hu*v uvw shulrg fkrlfh> dqg +5, iru hdfk uvw shulrg
fkrlfh ri E_@c+ @c_ Kc+ Kcdoo djhqwv fruuhfwo| suhglfw glvwulfw @*v vhfrqg shulrg
srsxodwlrq ohyho ? ' ?E_@c+ @c_ Kc+ K1
Ohw T ￿E_@c+ @c_ Kc+ Kc?E ghqrwh wkh h{shfwhg olihwlph xwlolw| ri sod|hu c
jlyhq uvw shulrg fkrlfhv E_@c+ @c_ Kc+ Kdqg pljudwlrq ixqfwlrq ?E




Kc?E lv dq htxloleulxp li dqg rqo| li= +d,





T @E_@c+ @c_ W
Kc+W

















ghqrwh wkh htxloleulxp vhfrqg shulrg srsxodwlrq ri glvwulfw @ Iru xwlolw| wr
eh qlwh lq htxloleulxp/ zh pxvw kdyh

































Wr vhh wklv/ qrwlfh wkdw li +;3, lv ylrodwhg/ wkhq doo djhqwv olyh lq wkh vdph
glvwulfw lq shulrg 5 dqg wkh| doo jhw d xwlolw| ri 4 e| Dvvxpswlrq D1 Rq
wkh rwkhu kdqg/ li +;3, krogv/ wkhq +5, dqg +6, lpso| wkdw erwk glvwulfwv
duh htxdoo| sohdvdqw lq shulrg 51 Wkhq/ li +;4, lv ylrodwhg/ vhfrqg shulrg
frqvxpswlrq lq glvwulfw @ lv }hur vr xwlolw| lv 4 iru dq|erg| zkr olyhv lq
glvwulfw @ Vlqfh glvwulfw K lv qr pruh sohdvdqw/ xwlolw| lv 4 lq erwk glvwulfwv1
Vlploduo|/ rqh fdq vkrz wkdw xwlolw| lq erwk glvwulfwv lv 4 li +9, lv ylrodwhg1
Zh frqfoxgh wkdw lq rughu wr uxoh rxw d vlwxdwlrq zkhuh doo djhqwv jhw d xwlolw|
ri 4/ +;3,/ +;4, dqg +9, pxvw krog1 Lq sduwlfxodu/ wkhuh lv qr ghidxow/ dqg





























Km ?’? W 9'f




Kdqg d xqltxh glhuhqwldeoh




K'? Wcdqg iru doo E_@c+ @c_ Kc+ Klq wkh
qhljkerukrrg/












Km ?’? W :f +<,
wkhq wkh htxloleulxp lv xqvwdeoh1 Vwduwlqj dw wkh htxloleulxp ohyho ri ? ' ?Wc
li +<, krogv wkhq d vpdoo lqfuhdvh lq ? zrxog pdnh glvwulfw @ pruh dwwudfwlyh
uhodwlyh wr glvwulfw K1 Wklv zrxog pdnh pruh shrsoh zdqw wr pryh wr glvwulfw
@/ zklfk zrxog gulyh wkh v|vwhp ixuwkhu dzd| iurp ?W1Z h v k d o o q r w e h
lqwhuhvwhg lq wkh fdvh zkhuh +<, krogv/ dv vxfk htxloleuld zrxog eh xqolnho|
wr hyhu kdsshq lq wkh uhdo zruog1




Kc?E lv d vwdeoh uhjxodu htxlole0











Km ?’? W 	f +43,




K wkh pljudwlrq ixqfwlrq lv wkh










Kc?E lv d vwdeoh uhjxodu htxloleulxp1 Zh duh lqwhuhvwhg




















46hwf1 Wr qg wkhvh sduwldo ghulydwlyhv dw d vwdeoh uhjxodu htxloleulxp/ wrwdoo|
glhuhqwldwh htxdwlrq +;,/ qrwlflqj wkdw












































































E2  ?W2 n 
K
rE2
Zh xvh wkh qrwdwlrq ￿
SE|/ ￿
+E| dqg ￿
rE| wr ghqrwh wkh sduwldo ghulydwlyhv
lq glvwulfw  lq shulrg | 5i  c 2 j chydoxdwhg dw wkh htxloleulxp1 Wkdw lv/
@








@c? Wc hwf1 Qrwlfh wkdw
{￿ lv wkh fkdqjh lq vhfrqg shulrg xwlolw| lq glvwulfw  li/ vwduwlqj dw wkh
h t x l o l e u l x p /r q hp r u hs h u v r qz h u hw rp r y hw rg l v w u l f w {￿ frqvlvwv ri wzr
whupv/ fruuhvsrqglqj wr wkh gloxwlrq lq wkh ghew exughq dqg wkh lqfuhdvhg
frqjhvwlrq1 Wkh uvw whup lv srvlwlyh +zkhq _W
￿ : f, dqg wkh vhfrqg qhjdwlyh1























































Wkxv/ lq d vwdeoh uhjxodu htxloleulxp/ d odujhu sxeolf jrrgv surylvlrq dwwudfwv
lppljudwlrq zkloh d odujhu ghew jlyhv ulvh wr hpljudwlrq1
Lppljudwlrq ohdgv wr pruh frqjhvwlrq/ exw dovr uhgxfhv wkh shu fdslwd
ghew lq wkh glvwulfw1 Vwdelolw| grhv qrw qhfhvvdulo| lpso| wkh qhw hhfw lv
qhjdwlyh= pruh lppljudwlrq fdq eh ghvludeoh wr d glvwulfw1 Rqh h{wud shuvrq
prylqj wr glvwulfw @ frxog pdnh @ d ehwwhu sodfh wr olyh/ dv orqj dv lw pdnhv K
d ehwwhu sodfh wrr/ dqg wkh vhfrqg hhfw grplqdwhv1 +Vxfk pljudwlrq zrxog
eh Sduhwr lpsurylqj1, Zkdw vwdelolw| uxohv rxw lv d vlwxdwlrq zkhuh pruh
lppljudwlrq lv ghvluhg lq erwk glvwulfwv1
Sursrvlwlrq 4 Vxssrvh Dvvxpswlrq D krogv1 Lq dq| vwdeoh uhjxodu htxlole0
ulxp/ dw ohdvw rqh glvwulfw glvolnhv lppljudwlrq/ l1h1 hlwkhu {@ 	 f ru {K 	 f
ru erwk1 Li wkh htxloleulxp lv v|pphwulf wkhq erwk glvwulfwv glvolnh lppljud0
wlrq1
Surri1 Wklv iroorzv iurp +4;,1





Kdqg ?E dv jlyhq1 Zh duh lqwhuhvwhg rqo| lq lqwhulru vroxwlrqv
48zlwk d qlwh xwlolw|/ vr zh fdq dqdo|}h wkh uvw rughu frqglwlrqv1 Wr fdofxodwh
wkh fkdqjh lq dq lqglylgxdo*v h{shfwhg xwlolw| iru vpdoo fkdqjhv lq wkh fkrlfh
yduldeohv/ zh pd| dvvxph wkdw kh qhyhu ohdyhv klv uvw shulrg krph/ iru li kh
pryhv/ kh jhwv wkh vdph xwlolw| e| +;,1 Wkxv/ li glvwulfw @ fkrrvhv E_@c+ @dqg
glvwulfw K fkrrvhv E_Kc+ Kcwkh uhsuhvhqwdwlyh shulrg rqh lqkdelwdqw ri glvwulfw
@ jhwv olih wlph sd|r
T
@E_@c+ @c_ Kc+ Kc?E  E+@n_@c+ @cnE
_@
?E_@c+ @c_ Kc+ K
c+ @c?E_ @c+ @c_ Kc+ K
Iru pd{lpl}dwlrq ri wklv h{suhvvlrq zlwk uhvshfw wr _@ dqg +@c wkh qhfhv0
























Zlwkrxw pljudwlrq zh zrxog kdyh ?W 'dqg Y?
Y_@ ' Y?
Y+@ 'f cdqg +53, dqg
+54, zrxog vlpso| ghwhuplqh wkh uvw ehvw doorfdwlrq1 Exw zlwk pljudwlrq/ lw
fdq eh vhhq wkdw wkh glvwulfwv* ghflvlrqv glyhujh iurp wkh uvw ehvw1
Iru ixwxuh uhihuhqfh/ zh qrz ghulyh vrph vlpsoh frqvhtxhqfhv ri wkh uvw
















































49Vlqfh dqdorjrxv uvw rughu frqglwlrqv krog iru glvwulfw K zh kdyh/ fruuhvsrqg0




































Zkhq hydoxdwlqj wkh hhfwv ri hfrqrplf srolf|/ zh fdq uhvwulfw dwwhqwlrq
wr wzr w|shv ri lqglylgxdov= wkrvh zkr vshqg wkhlu zkroh olih lq glvwulfw @
dqg wkrvh zkr vshqg wkhlu zkroh olih lq glvwulfw K +D shuvrq zkr pljudwhv
diwhu shulrg rqh kdv wkh vdph ohyho ri zhoiduh dv rqh ri wkhvh wzr w|shv eh0
fdxvh vhfrqg shulrg xwlolw| lv htxdol}hg1, E| Sursrvlwlrq 4/ lq dq| vwdeoh
uhjxodu htxloleulxp/ v|pphwulf ru qrw/ vrph glvwulfw/ vd| glvwulfw @/g l v o l n h v
lppljudwlrq1 Glvwulfw K vhwv +K dqg _K vxfk wkdw wkh uvw rughu frqglwlrq
lv vdwlvhg lq glvwulfw K1 Wkhuhiruh/ e| ghqlwlrq/ d vpdoo lqfuhdvh lq +K ru
ghfuhdvh lq _K zrxog rqo| kdyh d vhfrqg rughu hhfw rq d shuvrq zkr olyhv doo
klv olih lq glvwulfw K Krzhyhu/ vlqfh wkhvh srolflhv uhgxfh wkh vhfrqg shulrg
srsxodwlrq lq glvwulfw @ +e| +4<,,/ wkh| kdyh d uvw rughu srvlwlyh hhfw rq d
shuvrq zkr olyhv doo klv olih lq glvwulfw @1 Wkh uvw0shulrg flwl}hqv ri glvwulfw
@ frxog sd| d vpdoo frpshqvdwlrq wr wkh uvw0shulrg flwl}hqv ri glvwulfw Kc
wr pdnh hyhu|erg| vwulfwo| ehwwhu r1 Wkhuhiruh/ wkh htxloleulxp lv Sduhwr
lqh!flhqw1 Iurp d vrfldo srlqw ri ylhz/ glvwulfw K surylghv wrr olwwoh sxeolf
jrrg dqg dffxpxodwhv wrr pxfk ghew1 Lq d v|pphwulf htxloleulxp erwk glv0
wulfwv glvolnh lppljudwlrq/ vr erwk glvwulfwv xqghu0surgxfh sxeolf jrrgv dqg
ryhu0dffxpxodwh ghew1 Wr vxppdul}h wkh glvfxvvlrq=
4:Sursrvlwlrq 5 Vxssrvh Dvvxpswlrq D krogv1 Lq dq| vwdeoh uhjxodu htxl0
oleulxp/ wkhuh h{lvwv d glvwulfw  vxfk wkdw d Sduhwr lpsuryhphqw frxog eh
dfklhyhg e| d vpdoo ghfuhdvh lq _￿ ru d vpdoo lqfuhdvh lq +￿1 Pruhryhu/ lq d
v|pphwulf htxloleulxp/ wklv vwdwhphqw krogv iru erwk glvwulfwv1
Sursrvlwlrq 5 lpsolhv wkdw wkhuh lv d glvwulfw wkdw xqghu0surgxfhv sxeolf
jrrgv lq wkh vhqvh wkdw/ jlyhq wkh htxloleulxp ghew ohyho/ dq lqfuhdvhg sur0
gxfwlrq ri sxeolf jrrgv zrxog udlvh vrfldo zhoiduh1 Krzhyhu/ dv wkh glvwulfw
dovr ryhu0dffxpxodwhv ghew/ wkh htxloleulxp sxeolf jrrgv ohyho lv qrw qhfhv0
vdulo| orzhu wkdq wkh uvw ehvw ohyho1 Wkh kljko| lqghewhg glvwulfw frqwurov d
odujh dprxqw ri uhvrxufhv lq wkh uvw shulrg/ dqg wklv zloo qrupdoo| vwlpx0
odwh erwk sxeolf dqg sulydwh frqvxpswlrq1 Wkhvh w|shv ri dujxphqwv kdyh
lpsruwdqw frqvhtxhqfhv iru hfrqrplf srolf|1
Frqvlghu zkhwkhu lw zrxog eh Sduhwr lpsurylqj wr lpsohphqw d ghew olplw1




Kc?Ec frqvlghu iruflqj hdfk glvwulfw  wr
orzhu lwv ghew ohyho wr _W
￿  zkhuh   f Erwk glvwulfwv kdyh wr uhgxfh wkhlu
eruurzlqj e| wkh vdph dprxqw1 Wkh| fdq vwloo fkrrvh wkh sxeolf jrrg iuhho|1
Ohw +￿E ghqrwh glvwulfw *v sxeolf jrrgv ohyho lq wkh qhz htxloleulxp +idflqj
wkh qhz ghew olplw,1 E| frqvwuxfwlrq/ +￿Ef ' +W
￿1 Qrz/ wkh frppxqlw|
zklfk lv lghqwlhg lq Sursrvlwlrq 5 dv kdylqj ryhu0dffxpxodwhg ghew dovr
xqghu0surylghv wkh sxeolf jrrg/ dqg d ghew olplw fdq pdnh wklqjv zruvh
ryhudoo li wkh frppxqlw| uhdfwv e| fxwwlqj orfdo sxeolf jrrgv e| d orw/ l1h1
li +￿E lv pxfk vpdoohu wkdq +W
￿1 Ehiruh wkh ghew olplw/ lq wkh uvw shulrg
frppxqlw|  kdv n_W
￿ wr vshqg rq sulydwh dqg sxeolf jrrgv1 Diwhu wkh ghew
olplw/ wkh| kdyh rqo| n_ W
￿wr vshqg rq sulydwh dqg sxeolf jrrgv/ dqg
wkh| zrxog qrz eh h{shfwhg wr uhgxfh wkhlu frqvxpswlrq ri erwk w|shv ri
jrrg lq shulrg rqh1 Sulydwh frqvxpswlrq ehiruh wkh ghew olplw lv n_ W
￿+ W
￿
dqg diwhu wkh ghew olplw lw lv n_ W
￿+ ￿E  Wkh ghew olplw zloo uhgxfh
4;wkh frqvxpswlrq ri wkh sulydwh jrrg l +￿E  +W
￿   Iru lqqlwhvlpdo c




Li +5<, krogv iru  ' @cK/ wkhq zh vd| suhihuhqfhv duh qrupdo1 Lq rwkhu
zrugv/ suhihuhqfhv duh qrupdo li dqg rqo| li/ zkhq irufhg wr uhgxfh wkh ghew
e| rqh groodu/ hdfk frppxqlw|  5i @cKj uhgxfhv sulydwh frqvxpswlrq lq
shulrg rqh/ dqg fxwv sxeolf jrrgv surylvlrq e| dw prvw rqh groodu1R q h
h{shfwv wklv wr eh wkh xvxdo fdvh1
Sursrvlwlrq 6 Vxssrvh Dvvxpswlrq D krogv/ dqg frqvlghu d vwdeoh uhjxodu
htxloleulxp zkhuh suhihuhqfhv duh qrupdo1 Iruflqj erwk glvwulfwv wr uhgxfh
wkhlu ghew ohyhov e| wkh vdph vpdoo dprxqw lqfuhdvhv wkh zhoiduh ri doo lqgl0
ylgxdov1
Surri1 Frqvlghu iruflqj hdfk glvwulfw  wr uhgxfh lwv ghew iurp _W
￿ wr _W
￿ c
zkhuh :flv yhu| vpdoo1 Wkh qhz sxeolf jrrgv ohyho/ rswlpdoo| fkrvhq e|
hdfk glvwulfw  lq wkh qhz htxloleulxp/ lv ghqrwhg +￿E Lw vx!fhv wr frqvlghu
wzr w|shv ri lqglylgxdov= wkrvh zkr vshqg wkhlu zkroh olih lq glvwulfw @ dqg
wkrvh zkr vshqg wkhlu zkroh olih lq glvwulfw K D shuvrq zkr olyhv doo klv olih





































































































Lq wklv htxdwlrq/ wkh vhfrqg htxdolw| xvhv wkh hqyhorsh wkhruhp/ wkh wklug
htxdolw| xvhv +47, 0 +4:,/ dqg wkh qdo htxdolw| xvhv +59, dqg +5:,1 Zh fodlp
wkh h{suhvvlrq lq +63, lv vwulfwo| srvlwlyh li suhihuhqfhv duh qrupdo1
Iurp +5;,/ K
SE  K
+E : fc vr +63, lv fhuwdlqo| vwulfwo| srvlwlyh li
_+KEf￿




















Exw +64, lpsolhv wkdw +65, lv vwulfwo| srvlwlyh1 Wkxv/ wkh h{suhvvlrq lq +63,
lv vwulfwo| srvlwlyh dv orqj dv
_+KEf￿
_￿   Xqghu wklv frqglwlrq/ shrsoh olylqj
doo wkhlu olyhv lq glvwulfw @ duh pdgh ehwwhu r e| wkh ghew olplw1 D vlplodu
dujxphqw vkrzv wkdw li
_+@Ef￿
_￿  wkhq shrsoh olylqj doo wkhlu olyhv lq glvwulfw
K duh pdgh vwulfwo| ehwwhu r1
Sursrvlwlrq 6 lv idluo| jhqhudo lq wkh vhqvh wkdw lw dssolhv dw dq| htxlole0
ulxp/ zkhwkhu v|pphwulf ru qrw/ dqg lw grhv qrw sodfh ixuwkhu uhvwulfwlrqv rq
wkh xwlolw| ixqfwlrq1 Li lq idfw wkh htxloleulxp lv v|pphwulf/ wkhq {@ '{ K









































































































+SE  f +68,
Wkh iroorzlqj fruroodu| wr Sursrvlwlrq 6 iroorzv iurp +66, wkurxjk +68,1
Fruroodu| 4 Vxssrvh Dvvxpswlrq D krogv1 Li wkh xwlolw| ixqfwlrq lv vhsd0
udeoh lq + dqg Sc wkhq lq dq| vwdeoh uhjxodu htxloleulxp zklfk lv v|pphwulf/
iruflqj erwk glvwulfwv wr uhgxfh wkhlu ghew ohyhov e| wkh vdph dprxqw vwulfwo|
lqfuhdvhv wkh zhoiduh ri doo lqglylgxdov1
9 Lqwurgxflqj Odqg
914 Wkh prgho
Dq lqwhuhvwlqj txhvwlrq lv zkhwkhu lqwurgxflqj d frpshwlwlyh pdunhw iru odqg
zloo holplqdwh wkh lqh!flhqflhv ri wkh qrq0frrshudwlyh htxloleulxp1 Rdwhv
+4<:5/ sdjh 489, kdyh dujxhg wkdw erqg qdqfh grhv qrw shuplw wkh vkliwlqj
ri frvwv wr ixwxuh uhvlghqwv uhodwlyh wr wd{ qdqfh/ vlqfh wkh ghihuuhg wd{
sd|phqwv duh uh hfwhg lq uhgxfhg orfdo surshuw| ydoxhv1 Rdwhv glg qrw
vshfli| wkh nlqg ri wd{ wr eh xvhg wr vhuylfh wkh ghew/ exw Gdo| +4<9</ s1
7;, dujxhg wkdw lw grhv qrw pdwwhu= Wkh fulwlfdo idfwru lv qrw wkh w|sh ri
54wd{ exw wkh edvlv rq zklfk d shuvrq lv uxohg oldeoh iru wkh wd{1 Vr orqj dv
wklv edvlv lv wkh lqglylgxdo*v uhvlghqfh lq wkh sduwlfxodu frppxqlw| wkhq wkh
exughq ri wkh ghew zloo qrw eh vkliwhg wr ixwxuh jhqhudwlrqv1 Wkh txhvwlrq ri
zkhwkhu fdslwdol}dwlrq ri sxeolf jrrgv lq odqg sulfhv dhfwv wkh h!flhqf| ri
sxeolf jrrgv surylvlrq lv dovr wuhdwhg lq wkh olwhudwxuh +vhh Zlogdvlq/ 4<;:,/
dowkrxjk lq wkhvh prghov wkhuh lv qr ghew qdqflqj1 8
Vxssrvh wkhuh lv rqh xqlw ri glylvleoh odqg lq hdfk glvwulfw/ zklfk lqlwldoo|
lv hyhqo| glvwulexwhg dprqj wkh shulrg rqh flwl}hqv ri wkh glvwulfw1 Ehwzhhq
s h u l r g vr q hd q gw z r /o d q gl vw u d g h gl qdf r p s h w l w l y hp d u n h w 1O h ww k hx w l o l w |
ixqfwlrq eh ESc+crcc zkhuh   f lv wkh dprxqw ri odqg rzqhg/ dqg S 
fc+f cr5dfc2o kdyh wkh vdph phdqlqj dv ehiruh1 Wkh dssursuldwh
prglfdwlrq ri Dvvxpswlrq D zrxog eh=
Dvvxpswlrq D*1 ESc+crc'4 li S 'fru + 'fru   *2c dqg
ESc+crc : 4 rwkhuzlvh1
Qrwlfh wkdw li wkh srsxodwlrq ri d glvwulfw uhdfkhv wzr/ wkhq wkh dyhudjh
dprxqw ri odqg lq wkh glvwulfw lv rqh kdoi/ zklfk h{sodlqv Dvvxpswlrq D*1 +Do0
whuqdwlyho|/ zh frxog dvvxph ESc+crc'4 zkhq r '2  Xqiruwxqdwho|
rxu prgho ehfrphv txlwh frpsolfdwhg zkhq odqg lv lqwurgxfhg/ dqg zh kdyh
rqo| ehhq deoh wr vroyh wkh iroorzlqj vshfldo fdvh1 Dvvxph wkhuh lv d vwulfwo|
lqfuhdvlqj dqg frqfdyh ixqfwlrq 	  G + $ + vxfk wkdw
ESc+crc'	  E SnsE +crnE   +69,
Khuh wkh ixqfwlrq E lv vwulfwo| lqfuhdvlqj dqg frqfdyh dqg fdswxuhv wkh
xwlolw| ri odqg1 Wkh ixqfwlrq sE+cr lv wkh xwlolw| ghulyhg iurp wkh sxeolf jrrg
+s+ : f, zlwk wkh frqjhvwlrq hhfw +sr 	 f, Zh pd| dvvxph E'4 li
8Lw lv lqwhuhvwlqj wr qrwh wkdw lq wkh fdvh ri wkh Idurh Lvodqgv glvfxvvhg lq wkh Lqwurgxf0
wlrq/ krxvh sulfhv ihoo e| durxqg 73 shufhqw lq odujhu wrzqv ehwzhhq 4<;< dqg 4<<7 +Ghw
Uddgjlyhqgh Xgydoj Yhgurhuhqgh Idhurhuqh/ 4<<9/ 4<<;,1
55dqg rqo| li   *2c wr pdnh vxuh hdfk lqglylgxdo zdqwv vwulfwo| pruh wkdq
rqh kdoi xqlw ri odqg1 Olih0wlph xwlolw| lv djdlq wkh vxp ri wkh xwlolwlhv lq wkh
wzr shulrgv/ dqg zh zloo irfxv rq vwdeoh uhjxodu htxloleuld1
Ohw wkh sulydwh jrrg eh d qxphudluh zlwk d sulfh htxdo wr rqh1 Wkh ixqf0
wlrqdo irup +69, lv dq lqfuhdvlqj wudqvirupdwlrq ri wkh txdvl0olqhdu ixqfwlrq
S n sE+crnE   / vr wkhuh duh qr zhdowk hhfwv rq wkh ghpdqg iru odqg1 Lq
htxloleulxp/ wkh sulfh ri odqg pxvw htxdo wkh pdujlqdo udwh ri vxevwlwxwlrq
ehwzhhq odqg dqg sulydwh frqvxpswlrq/ zklfk lv ￿E Wkh shulrg wzr lq0
kdelwdqwv ri frppxqlw| @ hdfk frqvxph *? xqlwv ri odqg1 Wkh htxloleulxp






Wkh frqfdylw| ri E lpsolhv R￿E? : f Wkdw lv/ odqg ehfrphv pruh ydoxdeoh






Wd{hv fdq hlwkhu eh ohylhg rq lqfrph +wkh hqgrzphqw ri wkh sulydwh jrrg,
ru odqgkroglqj1 Vhfwlrq 915 vwxglhv wkh fdvh zkhuh wkh rqo| wd{ lv dq lqfrph
wd{1 Vlqfh hdfk shuvrq kdv wkh vdph shu shulrg lqfrph/ wkh ghew exughq zloo
eh vkduhg htxdoo| dprqj doo wkh flwl}hqv1 Vhfwlrq 916 zloo vwxg| wkh fdvh ri d
wd{ rq odqg +d surshuw| wd{,/ zkhuh wkh ghew exughq lv vkduhg lq sursruwlrq
wr odqgrzqhuvkls1
915 Lqfrph wd{hv
Frqvlghu d shuvrq zkr lv eruq lq glvwulfw @ Li kh grhv qrw pljudwh/ wkhq klv
vhfrqg shulrg sulydwh frqvxpswlrq htxdov klv hqgrzphqw/ / ohvv wd{hv/ _@*?/


































Qrwlfh wkdw wkh ydoxh ri klv shulrg rqh odqg kroglqjv/ RE?c hqwhuv wkh vdph
zd| lq erwk h{suhvvlrqv1 Lq idfw/ ehfdxvh wkh pdunhw iru odqg kdv qr wudqvdf0
wlrqv frvwv/ zh fdq dozd|v dvvxph wkh djhqw vhoov klv rqh xqlw ri odqg dw wkh
hqg ri shulrg 4 iru wkh sulfh RE? dqg/ li kh grhv qrw pljudwh/ ex|v edfn
*? xqlwv ri odqg lq glvwulfw @/d wdf r v wr iR E ?  *? +li kh grhv pljudwh/ kh
ex|v *E2? xqlwv dw d frvw ri RE2?*E2?,1 Wkh djhqw suhihuv wr olyh
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Vlqfh RE?c wkh ydoxh ri klv uvw shulrg odqg kroglqjv/ fdqfhov iurp erwk
vlghv ri wklv lqhtxdolw|/ +6<, lv htxlydohqw wr wkh frqglwlrq wkdw zrxog pdnh
ds h u v r qe r u ql qg l v w u l f wKzloolqj wr pryh wr glvwulfw @ W k hi d f ww k d w| r x
douhdg| rzq d krxvh lq d fhuwdlq glvwulfw grhv qrw lq xhqfh |rxu suhihuhqfh
ryhu glvwulfwv lq wkh vhfrqg shulrg/ jlyhq d shuihfw pdunhw iru odqg dqg qr
zhdowk hhfwv1




K1 Iru erwk glvwulfwv wr
eh srsxodwhg/ htxdolw| pxvw krog lq +6<,1 Xvlqj +6:, dqg +6;, wklv htxdolw|
fdq eh h{suhvvhg dv
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Wklv htxdwlrq/ zklfk fruuhvsrqgv wr +;,/ lpsolflwo| ghwhuplqhv wkh srs0
xodwlrq vl}h ? ' ?E_@c+ @c_ Kc+ K Zh qrz fduu| rq wkh dqdo|vlv dv ehiruh1
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Lq d vwdeoh htxloleulxp {@
￿ n{ K
￿	fvr dowkrxjk wkh h{dfw h{suhvvlrqv kdyh







Zlwk dq lqfrph wd{/ wkh orfdo sxeolf ghew dqg orfdo sxeolf jrrgv duh
qrw fdslwdol}hg gluhfwo| lq odqg sulfhv/ vlqfh iurp +6:, dqg +6;, odqg sulfhv
rqo| ghshqg rq wkh srsxodwlrq ohyhov/ qrw wkh ghew ru sxeolf jrrgv ohyhov1
Wkhuh lv krzhyhu dq lqgluhfw hhfw= lqfuhdvlqj _@ ru uhgxflqj +@ uhgxfhv ?
zklfk uhgxfhv odqg sulfhv lq glvwulfw @ +vlqfh R￿E? : f,1 Exw wkhvh hhfwv
lqyroyh d fkdqjh lq wkh srsxodwlrq vl}h1 Lqghhg/ +78, lpsolhv wkdw wkh ghew
dqg sxeolf jrrgv ohyhov fdq eh xvhg wr pdqlsxodwh pljudwlrq  rzv1 Lq d
vwdeoh htxloleulxp/ lppljudwlrq lv zhoiduh uhgxflqj lq dw ohdvw rqh glvwulfw1
Mxvw dv ehiruh wklv zloo lpso| wkdw wkh ghew ohyho zloo eh wrr kljk +jlyhq wkh
sxeolf jrrgv ohyho, dqg wkh sxeolf jrrgv ohyho zloo eh wrr orz +jlyhq wkh ghew
ohyho,1
58Zh fdq orrn pruh forvho| dw wkhvh hhfwv1 Iurp +74,/ dw d v|pphwulf
htxloleulxp zkhuh ?W 'zh kdyh {@




Yr c zkhuh wkh uvw
whup lv wkh vorsh ri wkh lqyhuvh ghpdqg ixqfwlrq iru odqg1 Li wkh ghpdqg iru
odqg lv yhu| hodvwlf/ vr ￿￿E lv odujh lq devroxwh ydoxh/ wkhq {@
￿ dqg {K
￿ duh
odujh lq devroxwh ydoxh1 Qrz/ +78, lpsolhv wkdw dq lqfuhdvh lq _@ +ru idoo lq +@,
fdxvhv hpljudwlrq iurp glvwulfw @/ dqg wkh odqg vrog e| wkh hpljudqwv pxvw
eh erxjkw e| wkh uhpdlqlqj uhvlghqwv1 Exw li wkh ghpdqg lv yhu| hodvwlf/
hyhq d vpdoo dprxqw ri hpljudwlrq fdxvhv d elj gurs lq odqg sulfhv1 Wklv
zloo txlfno| pdnh wkh glvwulfw pruh dwwudfwlyh wr olyh lq dqg wkhuhe| uhvwruh
htxloleulxp/ vr dq lqfuhdvh lq _@ +ru idoo lq +@, fdxvhv rqo| d yhu| vpdoo
dprxqw ri hpljudwlrq1 Irupdoo|/ +76, dqg +77, lpso| wkdw Y?
Y_@ dqg Y?
Y+@ duh
vpdoo lq devroxwh ydoxh zkhq {@
￿ dqg {K
￿ duh odujh lq devroxwh ydoxh1 Lq wklv
fdvh/ wkh h{whuqdolwlhv fdxvhg e| pljudwlrq duh vpdoo1 Lq wkh olplwlqj fdvh
ri dq lqqlwho| hodvwlf ghpdqg iru odqg/ fkdqjhv lq _@ dqg +@ kdyh qr hhfw
rq ? Wkh wzr frppxqlwlhv duh wkhq hhfwlyho| lvrodwhg iurp hdfk rwkhu/ vr
wkhuh duh qr h{whuqdolwlhv dqg wkh qrq0frrshudwlyh htxloleulxp lv uvw ehvw1
Exw/ dujxdeo|/ wklv lv d yhu| vshfldo fdvh1
Zh frqfoxgh wkdw/ li wkhuh lv dq lqfrph wd{ dqg wkh ghpdqg iru odqg lv
qrw lqqlwho| hodvwlf/ wkh prgho zlwk odqg |lhogv wkh vdph txdolwdwlyh uhvxowv
dv wkh prgho zlwkrxw odqg1 Wkh lqh!flhqflhv dvvrfldwhg zlwk wkh fkrlfh
ri ghew dqg sxeolf jrrgv surylvlrq duh vwloo suhvhqw1 Lq sduwlfxodu/ wkhuh lv
dozd|v d glvwulfw vxfk wkdw uhgxflqj ghew ru lqfuhdvlqj wkh sxeolf jrrgv ohyho
lv zhoiduh lpsurylqj/ li doo rwkhu yduldeohv +lqfoxglqj wkh srsxodwlrq ohyhov,
duh khog frqvwdqw1 Lq d v|pphwulf htxloleulxp wklv lv wuxh iru erwk glvwulfwv1
59916 Surshuw| wd{hv
Qrz zh dvvxph wkdw doo wd{dwlrq lv rq odqg1 Lq frqwudvw wr Vhfwlrq 915/
zh zloo vkrz wkdw qrz orfdo ghew ohyhov duh ixoo| fdslwdol}hg lq odqg sulfhv1
Lqfuhdvlqj wkh orfdo sxeolf ghew kdv qr hhfw rq ixwxuh lppljudwlrq/ vlqfh
odqg sulfhv idoo mxvw hqrxjk wr suhflvho| frpshqvdwh iru wkh kljkhu ixwxuh wd{
udwhv1 Rq wkh rwkhu kdqg/ wkh orfdo sxeolf jrrg lv qrw fdslwdol}hg lq odqg
sulfhv/ vr d kljkhu sxeolf jrrg ohyho zloo vwloo dwwudfw lppljudqwv/ zklfk ohdgv
wr frqjhvwlrq1 Wkhuhiruh/ wkh ohyho ri wkh sxeolf jrrg zloo eh lqh!flhqwo| orz1
Ohw |￿ dqg R￿ ghqrwh wkh vhfrqg shulrg odqg wd{ udwh dqg odqg sulfh lq
glvwulfw  Frqvlghu dq djhqw zkr olyhg lq glvwulfw  5i @cKj lq shulrg rqh
dqg ghflghv wr olyh lq glvwulfw @ lq shulrg wzr +qrwh wkdw  pd| ru pd| qrw
eh htxdo wr @,1 Li lq shulrg wzr kh kdv  x q l w vr io d q gl qg l v w u l f w@c wkhq kh
sd|v d wd{ |@R@ Wkh  xqlwv ri odqg duh zruwk R@1 Klv zhdowk frqvlvwv ri klv
hqgrzphqw/ c dqg wkh ydoxh ri klv rqh xqlw ri odqg glvwulfw c R￿ Klv vhfrqg
shulrg frqvxpswlrq lv/ wkhuhiruh/
S 'nR ￿R @E n |@ +79,
Glvwulfw @*v vhfrqg shulrg exgjhw uhvwulfwlrq lpsolhv
R@|@ ' _@ +7:,
vlqfh wkhuh lv rqh xqlw ri odqg lq wkh glvwulfw1 Vxevwlwxwlqj +7:, lq +79,/
S 'nR ￿E R @n_ @ +7;,
Vxevwlwxwlqj iurp +7;, lq +69, dqg pd{lpl}lqj zlwk uhvshfw wr  |lhogv
R@ n _@ ' 
￿E +7<,
Lq htxloleulxp/ hdfk vhfrqg shulrg lqkdelwdqw ri glvwulfw @ krogv *? xqlwv














Iurp +7;,/ wkh vhfrqg shulrg xwlolw| lv
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Dv ehiruh/ frqvlghu d vwdeoh uhjxodu htxloleulxp1 Doo djhqwv pxvw eh lqglhu0





















Htxdwlrq +85, lpsolflwo| ghwhuplqhv wkh srsxodwlrq vl}h ? ' ?E_@c+ @c_ Kc+ K








Wkh orfdo sxeolf ghew lv ixoo| fdslwdol}hg lq wkh odqg sulfh/ dv fdq eh vhhq
gluhfwo| iurp +83, dqg +84,1 Frqvhtxhqwo|/ wkh orfdo srsxodwlrq lq shulrg
rqh zloo ixoo| lqwhuqdol}h wkh ghew exughq1 Wkxv/ jlyhq wkh htxloleulxp sxeolf
jrrgv ohyho/ wkh ghew ohyho zloo eh h!flhqw1 Wklv uhvxow lv rqo| wuxh/ krzhyhu/
zkhq doo wd{dwlrq lv rq odqg lq wkh irup ri d surshuw| wd{1 Li vrph qrq0}hur
iudfwlrq ri wkh ghew zdv uhsdlg xvlqj dq lqfrph wd{/ +83, dqg +84, zrxog eh
qr orqjhu eh vdwlvhg/ dqg wkh orfdo ghew frxog djdlq eh xvhg wr jkw ixwxuh
lppljudwlrq/ mxvw dv lq Vhfwlrq 9151 Wkh txdolwdwlyh frqfoxvlrqv zrxog wkhq
eh vlplodu wr wkh suhylrxv vhfwlrqv1
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Vlqfh lppljudqwv fdqqrw eh pdgh wr vkduh wkh exughq ri wkh ghew/ lppl0
judwlrq lv xqghvludeoh1 Wkh pdujlqdo xwlolw| ri dq h{wud xqlw ri orfdo sxeolf
jrrg lv uhgxfhg vlqfh lppljudqwv duh dwwudfwhg1 Khqfh/ wkh pljudwlrq h{0
whuqdolw| lv vwloo suhvhqw dqg lq htxloleulxp wkhuh zloo eh xqghu0surylvlrq ri
sxeolf jrrgv1 Pruhryhu/ vlqfh wkh orfdo ghew fdqqrw eh xvhg wr jkw lppl0
judwlrq zlwk d odqg wd{/ zh frqmhfwxuh wkdw sxeolf jrrgv surylvlrq zloo dozd|v
eh vpdoohu zlwk d odqg wd{ wkdq zlwk dq lqfrph wd{1 Ehorz/ zh yhuli| wklv
frqmhfwxuh lq dq h{dpsoh1
Vlqfh wkh uhvxowv duh vrphzkdw glhuhqw iru glhuhqw wd{0v|vwhpv/ zh pd|
vshfxodwh rq wkh hhfw ri doorzlqj hdfk glvwulfw wr fkrrvh lwv phwkrg ri wd{0
dwlrq1 Zh kdyh ehhq deoh wr vkrz wkdw iru d {hg ohyho ri sxeolf jrrgv/
wkh uvw shulrg uhvlghqwv suhihu lqfrph wd{hv1 Wkh uhdvrq lv wkdw wkh| gr qrw
zdqw wkh orfdo sxeolf ghew wr eh fdslwdol}hg lq wkh ydoxh ri wkhlu surshuw|1 Zh
frqmhfwxuh wkdw d vlplodu uhvxow krogv zkhq wkh sxeolf jrrg ohyho lv yduldeoh1








Vkrxog lw kdsshq wkdw + ' r 'f cghqh shu fdslwd sxeolf jrrgv frqvxpswlrq
wr eh }hur +l1h1 lq +88, zh wdnh
s
f*f  f,1 Wklv xwlolw| ixqfwlrq |lhogv vlpsoh
fdofxodwlrqv1
Iluvw frqvlghu wkh uvw ehvw1 Reylrxvo|/ ? 'lv h!flhqw1 Wkh uvw ehvw
5<ohyhov ri sxeolf jrrg dqg ghew/ +JR| dqg _JR|/ pd{lpl}h
i TEE  + n _ 
s









Sursrvlwlrq 7 Zkhq xwlolw| ixqfwlrqv duh jlyhq e| +88, wkhuh h{lvwv d xqltxh
v|pphwulf uhjxodu htxloleulxp1 Wklv htxloleulxp lv vwdeoh/ dqg sxeolf jrrgv













f  H +8:,
Surri1 Lq wkh uvw shulrg/ xwlolw| lq glvwulfw @ lv

@E ' i TEE n _@  +@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Lq wkh vhfrqg shulrg/ sulydwh frqvxpswlrq lv   _@*? dqg xwlolw| lv
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Rswlpdo pljudwlrq ghflvlrqv lq shulrg 5 lpso| erwk glvwulfwv duh htxdoo|















Wklv ghwhuplqhv ? dv d ixqfwlrq ri E_@c+ @c_ Kc+ K Glvwulfw @ lv pd{lpl}lqj
T @  @E n @E2c dqg xvlqj +8<, zh rewdlq
T
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Dv e35 dqg e35*2 duh frqfdyh ixqfwlrqv ri 5c dqg
￿








duh frqfdyh ixqfwlrqv ri E_@c+ @cT @lv d frqfdyh ixqfwlrq
63ri E_@c+ @ Wkxv/ wr qg d pd{lpxp lw vx!fhv wr frqvlghu wkh uvw rughu



























Frpelqlqj wkhvh |lhogv +@ ' cdqg vlploduo| +K ' 1 Vxevwlwxwlqj wklv
uhvxow lq +94, |lhogv
2  _@  _K ' 2*?2
dqg e| v|pphwu|=
2  _K  _@ ' 2*?2
zklfk fdq eh vroyhg wr jhw +8:,1

































Lq wklv h{dpsoh/ wkh surylvlrq ri wkh sxeolf jrrg kdsshqv wr htxdo wkh
uvw ehvw ohyho/ exw wkhuh lv wrr pxfk ghew1 Jlyhq wkh kljk ghew ohyho/ d
vpdoo lqfuhdvh lq wkh sxeolf jrrg +udlvlqj lw deryh wkh uvw ehvw ohyho, zrxog
eh zhoiduh lpsurylqj1 Wklv iroorzv iurp Sursrvlwlrq 5 dqg lw lv d w|slfdo
vhfrqg ehvw uhvxow1
Vxssrvh d Ihghudo jryhuqphqw hqirufhv d ghew olplw ri 7 _  ￿n*?2
2 1G l v w u l f w
@fkrrvhv +@ wr pd{lpl}h T @c jlyhq e| +93, zlwk _@ ' _K ' 7 _c dqg vlploduo|
64iru glvwulfw K Lq d v|pphwulf htxloleulxp/ wkh uvw rughu frqglwlrqv lpso|
wkdw +@ ' +K ' + vroyhv




' 7 _ +95,
Zkhq wkh glvwulfwv duh irufhg wr uhgxfh wkhlu eruurzlqj/ wkh| zloo fxw wkhlu
sxeolf jrrgv surylvlrq/ exw e| ohvv wkdq rqh groodu iru hdfk groodu uhgxfwlrq












Wkxv/ lq wklv h{dpsoh suhihuhqfhv duh qrupdo dqg d ghew olplw lv Sduhwr
lpsurylqj e| Sursrvlwlrq 61 Lq wkh htxloleulxp ghvfulehg lq Sursrvlwlrq 7/
zhoiduh lv f e. Li/ iru h{dpsoh/ d ghew olplw ri 7 _ 'f  Dlv lpsrvhg +vr
wkdw ghew zloo eh dw lwv uvw ehvw ohyho, wkhq wkh sxeolf jrrgv ohyho idoov wr
dssur{lpdwho| f./ exw zhoiduh lqfuhdvhv wr feD.1 Qrz lq wklv fdvh pruh
wkdq .fI ri wkh frvw ri wkh sxeolf jrrg lv sdlg iru lq shulrg 5 +f￿D
f￿.  f.,/
dqg jlyhq wkdw frqvxpswlrq vprrwklqj dfurvv shulrgv lv ghvludeoh/ eruurzlqj
vkrxog eh uhvwulfwhg hyhq ixuwkhu1 Lq idfw/ d qxphulfdo dqdo|vlv vkrzv wkdw wkh
rswlpdo ghew olplw lv 7 _  feDc |lhoglqj d sxeolf jrrgv ohyho ri +@ ' +K  fSSS
dffruglqj wr +95,1 Wkxv/ jlyhq wkh xqghu0surylvlrq ri sxeolf jrrgv/ wkh
rswlpdo ghew olplw lv dfwxdoo| orzhu wkdq wkh uvw ehvw ohyho1 Ilqdoo|/ lw fdq
eh vkrzq wkdw surklelwlqj ghew dowrjhwkhu +7 _ 'f , |lhogv d xwlolw| zklfk lv
orzhu wkdq fe.1 Khqfh/ hyhq wkrxjk lw zrxog eh ghvludeoh wr lpsrvh d
ghew olplw rq wkh glvwulfwv/ lw zrxog eh ghwulphqwdo wr zhoiduh wr surklelw ghew
dowrjhwkhu1 Diwhu doo/ ghew doorzv frqvxpswlrq vprrwklqj/ dqg lq dgglwlrq lw
plwljdwhv wkh xqghu surylvlrq ri wkh sxeolf jrrg1
65:15 Zlwk odqg
:1514 Xwlolw| ixqfwlrqv












￿ li : * 2
4 li   *2
+97,




Djdlq/ wklv ixqfwlrqdo irup kdyh ehhq fkrvhq lq rughu wr vlpsoli| fdofxodwlrqv1
Qrwlfh wkdw E ' f dqg li  $ *2 wkhq E $ 4 1 Wkh lqwurgxfwlrq ri
odqg grhv qrw fkdqjh wkh uvw ehvw doorfdwlrq/ zklfk uhpdlqv +JR| 'dqg
_JR| ' ￿
2 +dqg ? ' ,1 Iru : * 2 c
































vr wkdw  lv frqfdyh iru : * 2 1
:1515 Lqfrph wd{
Iluvw frqvlghu wkh fdvh ri dq lqfrph wd{1 Frpsduhg wr Vhfwlrq :14/ wkh ohyho ri
ghew zloo wxuq rxw wr eh orzhu zkhq d pdunhw iru odqg lv lqwurgxfhg/ dqg forvhu
wr wkh uvw ehvw ohyho/ exw wkh ohyho ri sxeolf jrrg kdv qrw fkdqjhg= lw uhpdlqv
dw wkh uvw ehvw ohyho1 Khqfh/ wkh lqwurgxfwlrq ri odqg +lq frpelqdwlrq zlwk
66dq lqfrph wd{, xqdpeljxrxvo| doohyldwhv wkh glvwruwlrqv iurp wkh iuhh ulglqj
sureohp1
Sursrvlwlrq 8 Vxssrvh xwlolw| ixqfwlrqv duh jlyhq e| +96, dqg wkh rqo| wd{
lv dq lqfrph wd{1 Wkhuh h{lvwv d xqltxh v|pphwulf uhjxodu htxloleulxp1 Wklv





K ' _Wc zkhuh _W  fS lv wkh xqltxh9 urrw lq dfco iru wkh htxdwlrq


















lq glvwulfw @ dqg
RE2  ?'* ??n
2?
?
lq glvwulfw K1 Htxloleulxp vhfrqg shulrg srsxodwlrq ohyhov duh ghwhuplqhg e|
wkh frqglwlrq wkdw erwk glvwulfwv duh htxdoo| sohdvdqw=
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9Vlqfh j+3, @ h ￿ 6@7 A 3>j +4, @ h￿4 ￿ 4 ? 3> dqg j3+g, ? 3 iru doo g 5 ^3>4‘> wkhuh lv
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Htxdwlrqv +:7, dqg +:8, fdq eh vroyhg wr rewdlq +@ ' cdqg e| v|pphwu|
+K ' Iru d v|pphwulf htxloleulxp/ vhw _@ ' _K ' _ dqg +@ ' +K 'lq
+:8, wr jhw +99,/ l1h1 _@ ' _K ' _W1 Ilqdoo|/ zkhq E_Kc+ K'E _ W c  lw lv
vwudljkwiruzdug wr fkhfn wkdw C￿￿E%@ 	 f1 Wkhuhiruh/ T @ lv wkh vxp ri wzr
ixqfwlrq wkdw duh erwk frqfdyh lq E+@c_ @/v rT@lv frqfdyh dqg wkh uvw rughu
frqglwlrqv |lhog d joredo pd{lpxp1
Ilqdoo|/ iurp +:6, lw iroorzv wkdw/ iru _@ ' _K ' _W dqg +@ ' +K ' c @E2
lv ghfuhdvlqj lq ? dw ? ' Vlqfh wkh vlwxdwlrq lq glvwulfw K lv v|pphwulf/
erwk glvwulfwv glvolnh lppljudwlrq1 Wkxv/ wkh htxloleulxp lv vwdeoh1
68:1516 Surshuw| wd{
Qrz vxssrvh doo wd{dwlrq lv rq odqg +d surshuw| wd{,1 Lw wxuqv rxw wkdw lq
wklv fdvh wkh sxeolf jrrgv ohyho lv ehorz wkh uvw ehvw ohyho +JR| ' cexw wkh
ghew ohyhov duh rswlpdo frqglwlrqdo rq wkh dfwxdo sxeolf jrrgv ohyho1 Wklv
frqwudvwv zlwk wkh fdvh ri dq lqfrph wd{/ zkhuh +dv vkrzq lq Vhfwlrq :1515,
wkh htxloleulxp sxeolf jrrgv ohyho htxdov wkh uvw ehvw ohyho/ zkloh wkh ghew
lv lqh!flhqwo| kljk1
Sursrvlwlrq 9 Vxssrvh xwlolw| ixqfwlrqv duh jlyhq e| +96, dqg wkh rqo| wd{
lv d surshuw| wd{1 Wkhuh h{lvwv d xqltxh v|pphwulf uhjxodu htxloleulxp1 Wklv
htxloleulxp lv vwdeoh/ dqg sxeolf jrrgv dqg ghew ohyhov duh





 fH 	  +:9,
dqg




















lq glvwulfw @c dqg









lq glvwulfw K Vhfrqg shulrg srsxodwlrq ohyhov duh ghwhuplqhg e| +85,1 D
vwudljkwiruzdug fdofxodwlrq vkrzv wkdw wkh vhfrqg shulrg srsxodwlrqv duh
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Xvlqj +;3, wr vxevwlwxwh iru ? lq +;5,/ lw lv uhdglo| fkhfnhg wkdw T @ lv d






























Lq d v|pphwulf htxloleulxp/ wkhvh uvw rughu frqglwlrqv fdq eh vroyhg wr
jhw +:9, dqg +::,1 Ilqdoo|/ kroglqj E_@c+ @c_ Kc+ K{hg/ htxdwlrq +;5, lpsolhv
wkdw @E2 lv ghfuhdvlqj lq ? zkhq ? ' Wkh vlwxdwlrq lq glvwulfw K lv
v|pphwulf1 Wkxv/ erwk glvwulfwv glvolnh lppljudwlrq/ vr wkh htxloleulxp lv
vwdeoh1
Ilqdoo|/ zh fdq frpsduh wkh xwlolw| ohyhov zlwk wkh glhuhqw wd{ v|vwhpv
vwxglhg lq Vhfwlrqv :1515 dqg :15161 Zlwk surshuw| wd{hv erwk sxeolf jrrgv
d q gg h e wo h y h o vd u ho r z h uw k d qz l w kd ql q f r p hw d { /e x ww k hv h f r q gh  h f w
grplqdwhv dqg wkh surshuw| wd{ |lhogv kljkhu zhoiduh +htxloleulxp xwlolw|
fD., wkdq wkh lqfrph wd{ +feD,1










duh erwk frqfdyh ixqfwlrqv
lq +gd>| d,=Wkxv/ Xd lv wkh vxp ri wzr frqfdyh ixqfwlrqv/ khqfh lw lv frqfdyh1
6:Uhihuhqfhv
^4` Dwnlqvrq/ D1E1/ Vwljolw}/ M1H1/ 4<;3= Ohfwxuhv lq sxeolf hfrqrplfv/
PfJudz0Kloo/ Qhz \run1
^5` Euxfh/ Q1 4<<8= D Ilvfdo Ihghudolvp Dqdo|vlv ri Ghew Srolflhv e|
Vryhuhljq Uhjlrqdo Jryhuqphqwv/ Fdqdgldq Mrxuqdo ri Hfrqrplfv/ vxs0
sohphqw/ 5; +5,/ 4<80539
^6` Exfryhwvn|/ V1/ Zlovrq/ M1G1 4<<4= Wd{ Frpshwlwlrq zlwk Wzr Wd{
Lqvwuxphqwv/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 54 +6,/ 6660683
^7` Gdo|/ J1 4<9<= Wkh Exughq ri wkh Ghew dqg Ixwxuh Jhqhudwlrqv lq Orfdo
Ilqdqfh/ Vrxwkhuq Hfrqrplf Mrxuqdo/ 69 +4,/ 77084
^8` Ghw Uddgjlyhqgh Xgydoj Yhgurhuhqgh Idhurhuqh/ 4<<9= Ehuhwqlqj 4<<9/
+Lq Gdqlvk= Wkh Dgylvru| Frpplwwhh rq wkh Idhurh Lvodqgv/ Uhsruw
4<<9,/ Wkh Sulph Plqlvwhuv R!fh/ Frshqkdjhq
^9` Ghw Uddgjlyhqgh Xgydoj Yhgurhuhqgh Idhurhuqh/ 4<<;= Ehuhwqlqj 4<<;/
+Lq Gdqlvk= Wkh Dgylvru| Frpplwwhh rq wkh Idhurh Lvodqgv/ Uhsruw/
4<<;,/ Wkh Sulph Plqlvwhuv R!fh/ Frshqkdjhq1
^:` Hssoh/ G1/ Ilolprq/ U1/ Urphu/ W1/ 4<;7= Htxloleulxp dprqj orfdo mx0
ulvglfwlrqv= wrzdug dq lqwhjudwhg wuhdwphqw ri yrwlqj dqg uhvlghqwldo
fkrlfh/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 57/ +6, 5;4063;
^;` Hssoh/ G1/ Vsdww/ F1/ 4<;:= Vwdwh uhvwulfwlrqv rq orfdo ghew/ Mrxuqdo ri
Sxeolf Hfrqrplfv/ 5< +5,/ 4<<0554
^<` Hssoh/ G / Urphu/ W1/ 4<<4= Prelolw| dqg Uhglvwulexwlrq/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ << +7,/ ;5;08;1
6;^43` Mhqvhq/ U1/ Wrpd/ H1I1/ 4<<4= Ghew lq d prgho ri wd{ frpshwlwlrq/
Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 54 +6,/ 6:406<51
^44` Nrqlvkl K1/ Oh0Euhwrq P1/ Zhehu V1/ 4<<:= Iuhh Prelolw| Htxloleulxp
lq d Orfdo Sxeolf Jrrgv Hfrqrp| zlwk Frqjhvwlrq/ Uhvhdufk lq Hfr0
q r p l f v /8 4+ 4 , /4 < 0 6 3 1
^45` Rdwhv/ Z1/ 4<:5= Ilvfdo Ihghudolvp/ Kdufrxuw/ Eudfh/ Mrydqrylfk/ Lqf1/
Qhz \run
^46` Vfkxow}/ F1/ Vmùvwuùp/ W1/ 4<<:= Hohfwlrqv/ Sxeolf Ghew dqg Pljudwlrq/
Glvfxvvlrq Sdshu 4;44/ Kduydug Lqvwlwxwh ri Hfrqrplf Uhvhdufk/ Kdu0
ydug Xqlyhuvlw|1
^47` Wlherxw/ F1 P1/ 4<89= D sxuh wkhru| ri orfdo h{shqglwxuhv/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 97/ 7490757
^48` Zlogdvlq/ G1H/ 4<;:= Wkhruhwlfdo Dqdo|vlv ri Orfdo Sxeolf Hfrqrplfv/
lq Duurz/ N1M dqg P1G1 Lqwulooljdwru/ Hgv1= Kdqgerrn ri Uhjlrqdo dqg
Xuedq Hfrqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp
6<